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Abstract
A novel hydraulic resilience index for the analysis of water distribution networks (WDN) is presented based on the reserve capacity,
a concept extensively studied in transportation network literature. The reserve capacity is deﬁned as a demand multiplier that
represents how close a WDN is operating to a minimum service level. A method for calculating the reserve capacity eﬃciently
using Newton’s method is presented. Its use is demonstrated with a critical link analysis and a design problem, and compared
with another well-established index. The index provides intuitive insight into the behaviour of a WDN that other indexes may not
always capture.
c© 2015 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of the Scientiﬁc Committee of CCWI 2015.
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1. Introduction
An ageing infrastructure and a higher burden on water resources from climate change and an increasing population
are forcing water utilities and their regulators to better manage water supply systems. This means many water com-
panies are now focusing on reducing leakage whilst at the same time trying to ensure customers receive an acceptable
level of service i.e. a constant supply of potable water at an adequate pressure. In the UK in particular, failure to do
so can result in severe ﬁnancial penalties that can severely interfere with the ﬁnances of rehabilitation schemes and
therefore only exacerbate the problem [1]. It is therefore very important for water companies to understand the parts
of their network that are either susceptible to failure or have a high consequence of failure so that they can successfully
plan mitigation and rehabilitation schemes. Resilience indexes provide a very useful tool for this type of analysis by
providing a convenient way to calculate the ability of a network to cope with failure. This quantitative measurement
can be used to compare diﬀerent networks and network conﬁgurations, and is also useful in problems such as optimal
network design and critical link analyses.
The indexes currently available typically measure resilience in one of three ways. First, graph theory can be used to
understand the network structure and the degree of redundancy available [2,3]. Second, excess pressure in a network
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can be measured. The operation of a network with more pressure than a customer requires (i.e. excess pressure) can
provide additional resilience in the event of failure such as bursts or ﬁre ﬂows. The additional pressure facilitates
the supply of customers as well as the additional demands occurring due to the failure. The calculation of network
resilience using excess pressure can provide good insight into whether a network operating under normal conditions
can maintain service during failure [4]. The third approach measures the percentage of nominal demand supplied in
a failure situation, where low pressure has resulted in customer demand not being fully satisﬁed [5]. The literature
review in section 2 shows that a number of variations of these three main approaches are used to understand the
resilience of WDNs.
In this paper, we propose a new resilience index for the analysis of water distribution networks (WDN). The index
is based on the reserve capacity, which is a well explored concept in transportation networks. The reserve capacity
is a demand multiplier that shows how close a network is operating to an established threshold that represents full
capacity. In the case of water supply networks, the threshold takes the form of the minimum allowable head, which
exists to ensure customers receive an adequate pressure. A reserve capacity below 1.0 indicates that a network can’t
supply demand in its current state without violating the threshold. A reserve capacity above 1.0 indicates the network
can supply more than its current level of demand. The reserve capacity provides additional insight over other indexes
in three ways. First, it can successfully calculate the reduced resilience of a network that has suﬀered a failure, but is
still maintaining suﬃcient pressure to supply all nominal customer demand. The same index can be used to analyze
other more critical failures that do lead to critical pressures that result in reduced demand. All of these failures can
then be fairly ranked. Second, the reserve capacity can successfully be used to measure the resilience of adaptive
networks, for example when reactive elements such as ﬂow modulating pressure reducing valves (PRV) are present.
Finally, the reserve capacity has an intuitive meaning, which aids water utilities in their decision making.
The remainder of this paper is structured as follows. In section 2 the main literature related to resilience in water
networks is presented. In section 3 a discussion is presented on the deﬁnition of reserve capacity and its applicability
to WDNs. In section 4, a methodology for the calculation of the reserve capacity is presented. In section 5, the
reserve capacity is used in one analysis and one design problem and compared with a well established and popular
index proposed in [4].
2. Review of Hydraulic Resilience Measures
The literature on resilience in WDNs can be split into two disciplines: simulation approaches that use hydraulic
analyses to understand the resilience of a WDN and analytical approaches (also called topological approaches [6])
that use graph theory to understand the structure of the network.
2.1. Resilience Analysis using Hydraulics
Simulation methods involve the use of a hydraulic engine to simulate the ﬂow and pressure in a network. Simulation
approaches can be split into two main types: those that measure the amount of nominal demand met in critical pressure
scenarios (e.g. during failure), and those that measure the amount of excess pressure during normal network operation.
The simulation of multiple and diﬀerent failure scenarios can provide an understanding of the network behavior during
failure and how best to mitigate consequences.
In [7], the resilience of two small networks was analyzed by running a demand driven hydraulic simulation for
a number of diﬀerent component failures. If the hydraulic head at nodes was below a service head value (set to
40psi, 27.6mH2O), they assumed the nodal demand was reduced according to a simple demand-head relationship,
and if the nodal hydraulic head was below a minimum head value (set to 20psi, 13.8mH2O), demand was assumed to
be equal to zero at these nodes. A disadvantage of this approach is that this procedure for estimating the availability
of water does not conform to a pressure-driven analysis. The methods used by [8] and [9] had the same disadvantage.
This disadvantage was addressed in [5] by using the pressure-driven hydraulic analysis proposed in [10] and [11].
Using this engine, they proposed three resilience measures for WDNs: the node-reliability factor, the volume reliabil-
ity factor and the network-reliability factor. All of these measures were based on the percentage of demand supplied
under pressure deﬁcient conditions to the demand under normal conditions.
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In [4], a hydraulic resilience index was proposed based on the product of ﬂow and hydraulic head as follows:
Ir =
nn∑
j=1
d j(h j − h j)
no∑
i=1
qihi −
nn∑
j=1
d jh j
(1)
where nn are the number of nodes in the network, h j is the nodal hydraulic head, h j is the minimum allowable
hydraulic head, d j is the nodal demand, no are the number of reservoirs in the network, qi is the outﬂow from the
reservoir, and hi is the reservoir hydraulic head. Todini’s index measures how close a WDN operates to a speciﬁed
minimum allowable head (i.e. the numerator of (1)). By using the product of nodal heads and nodal demands, an
index that varies between 0 and 1 can be achieved. An extension to Todini’s index was proposed in [12] by including
a measure of how many pipes are connected to each node. In [13], another index very similar to [4] was proposed,
where the term
no∑
j=1
q jh j is removed from (1). All indexes that measure the amount of excess pressure in a network also
capture implicitly the redundancy of the network, both in terms of how many loops exist internally in the network, as
well as how many independent sources (reservoirs) are connected to the network. The reason for this is that, unless the
redundancy (additional links) are at hydraulic balance points, the additional paths for water to take will always result
in a reduction of frictional energy losses occurring. This is evident in hydraulic modelling, where the solution to the
system of equations describing pressure and ﬂow in a WDN is equivalent to minimizing energy losses in the system
[14]. Therefore, a resilience index that measures excess pressure will capture the redundancy of the network, because
increased redundancy results in lower frictional energy losses and therefore increased pressure in the network.
2.2. Resilience Analysis using Graph Theory
Analytical methods use graph theory to understand the connectivity of nodes in WDNs. Once a comprehensive
understanding of the structure of a WDN is known, resilience assessments can be made. This approach is particularly
useful for understanding the redundancy of supply routes. Some purely graph-theoretic indices have been directly
applied to measure the resilience of WDN expansion [3]. These indices can be broadly classiﬁed into “statistical” and
“spectral” measures. Among the statistical indices, we highlight the following because of its adaptability to the direct
application on WDNs.
• Meshedness coeﬃcient [15]: the ratio between the total and the maximum number of independent loops in
planar graphs. This coeﬃcient provides an estimation of the topological redundancy of the network.
• Central-point dominance [16]: average of the diﬀerence between the centrality of all nodes and that of the most
central point. The betweenness centrality of a network node is measured by the number of times that node
appears in the shortest geodesic path between two vertices. This index gives a measurement of the network
vulnerability against node failures corresponding to central locations.
• Flow Entropy [17]: Within the framework of WDNs, ﬂow entropy of a node is understood as a measure of the
variation of supply to the node. If all the edges (or pipes) supplying a node are equal in some sense (eg. they
have the same volume of ﬂow), entropic degree is maximized. This measures the strength of supply to a node
both in terms of the number of connections and their similarity; the absence of widely varying importance in
the connections implies robustness in failure. The average ﬂow entropy is an indirect measure of the WDN
ability to cope with disruptive events because a more balanced system responds better to failures. The so-called
demand-adjusted entropic degree in [18] is another alternative that uses demand on nodes and volume capacity
on edges to compute a weighted entropic degree.
Spectral metrics are those derived from the spectrum (set of eigenvalues and eigenvectors) of the graph adjacency
or Laplacian matrices. Spectral methods are one of the most important branches within graph theory, helping to
summarise and quantify invariant properties of the network topology. In [19], graph-spectral methods were adopted
for ranking nodes in the WDN in order to assess their vulnerabilities. The most important index arising from the study
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of the Laplacian spectrum is “algebraic connectivity” [20], i.e. the second smallest eigenvalue of the normalized
Laplacian matrix of the network. This index quantiﬁes the network’s structural robustness and fault tolerance; its
straightforward conceptual expansion as clustering criterion has been used for WDN division into sectors [21].
3. Reserve Capacity
Whilst analytical measures provide valuable information about the connectivity of network components, they
should be used in conjunction with hydraulic measures in order to better understand the network behavior [2]. In
this paper, a hydraulic resilience measure based on the reserve capacity of a WDN is used to analyze the network’s
resilience to failure. Reserve capacity is a well established measure of performance for transportation networks. It
ﬁrst appears in a paper by [22], and is developed later in [23], where the concept was generalized for transport net-
works. The reserve capacity μ was calculated by solving a linear program that maximizes μ subject to the linear
constraints of the network. In [24], the concept of reserve capacity was extended to include general signal controlled
networks, which resulted in a nonlinear problem. In order to solve this, a sequential linear programming method was
used to calculate μ. In their example network, the maximum ﬂow multiplier was 1.688, therefore the reserve capacity
is 68.8% of the current network demand. The reserve capacity was also calculated in [25] where the degradation of
link capacity was taken into account due to factors such as bad weather, type of traﬃc and roadway type. An iterative
incremental method was used in this paper to calculate μ as opposed to optimization methods. In [26] this work was
extended further by removing the assumption that demand patterns have uniform growth when calculating μ. The use
of the reserve capacity has been used extensively in the eﬃcient design of road networks ([27], [28], [29]). A similar
notion to the reserve capacity called the residual capacity appears in the literature on water supply networks [30]. The
residual capacity was used in a design optimization problem to ensure that the design of a network had extra capacity
to supply demands larger than the design demand.
In this paper, the reserve capacity of WDNs is deﬁned as the maximum demand multiplier that can be applied to
a WDN without violating minimum pressure service levels, and can be used in design problems as well as for the
analysis of failure. The following observations are made in comparison to other WDN resilience measures:
• Indexes that report on the availability of demand in pressure deﬁcient situations provide good insight into the
criticality of links and network components. However, situations can and often do arise when the resilience of
the network following a failure does not result in critical pressures, but does result in the network becoming
less resilient to further failure. The reserve capacity can successfully capture the resilience of this situation.
Indexes that measure the percentage of demand met would not detect that the network is in a less resilient state.
Reserve capacity can also measure the resilience of design and expansion problems, where critical pressures do
not occur. The ability to analyze a network under all types of scenario with the same index facilitates network
links and components to be ranked accordingly.
• The analysis of networks with additional control components can be incorporated in the calculation of reserve
capacity. For example, consider the analysis of a network where pressure is regulated by a ﬂow modulating
pressure reducing valve (PRV). The pressure in the network under normal circumstances are kept low. A
resilience index based on excess pressure will therefore report low resilience in this situation, despite the fact
that an incident such as ﬁre ﬂow or bursts will increase the demand in the network and result in pressure
increasing due to the ﬂow modulating PRV.
• The reserve capacity has an intuitive meaning that can be readily used in industry to make decisions. Its use
in optimal design problems is also easily facilitated given that it is a linear variable, whereas other indexes are
often the product of two or more variables which results in a nonlinear problem.
The reserve capacity does however require a more complicated methodology for its calculation in comparison to
other resilience measures and this can lead to an increase in computational time. A methodology for calculating the
reserve capacity eﬃciently is proposed in the next section.
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4. Methodology for Computing the Reserve Capacity
The calculation of the reserve capacity for a WDN model is formulated as an optimization problem. The WDN
model is represented as a single period steady state simulation of the system. A WDN is represented as a graph
consisting a set of nodes Nn, where |Nn| = nn, a set of reservoirs No, where |No| = no, and a set of links Np, where
|Np| = np. The steady state simulation of a WDN model where customer demand is scaled by a constant μ solves the
following system of equations:
g1(q, h, h0) := A11(q)q + A12h + A10h0 = 0, (2)
g2(q, d, μ) := AT12q − μd = 0, (3)
where h ∈ Rnn are the nodal piezometric heads, q ∈ Rnp are the pipe ﬂows, the matrices A12 ∈ Rnp×nn and A10 ∈ Rnp×no
are incidence matrices describing the relationship between links and nodes and links and reservoirs respectively. The
variable d ∈ Rnn represents water demand at nodes (assumed known), h0 ∈ Rno are known heads. For a steady state
simulation, both d and h0 are ﬁxed. The square matrix A11 ∈ Rnp×np is a diagonal matrix with the elements
A11(i, i) = ri|qi|ni−1, i = 1, . . . , np, (4)
where r ∈ Rnp is the vector of frictional resistance factors of the pipes and n ∈ Rnp are constants related to the
frictional head loss. In this article, the Hazen-Williams friction formula is used to model frictional losses; ni = 1.85
and ri = 10.675Licni D4.87i
, where Li, Di and ci denote the length, diameter and roughness coeﬃcient of pipe i, respectively.
The optimization problem for calculating μmax is as follows:
max
μ,q,h
μ, (5a)
Subject to: g1(·) = 0 (5b)
g2(·) = 0 (5c)
h j − h j ≤ 0, ∀ j ∈ Nn (5d)
where g1(·) and g2(·) are the conservation equations (2) and (3), respectively, and the inequality constraints (5d)
represent a minimum service level on head at nodes. The component-wise positive constants in h ∈ Rnn are the
minimum service level heads for each node.
The nodal pressure head p is calculated using the hydraulic head and nodal elevations z as follows:
p j = h j − z j, ∀ j ∈ Nn (6)
The critical point (CP) of the network is deﬁned as the node j where h j − h j is smallest and is deﬁned by:
cp = min(h − h) (7)
As μ is increased, subject to equations (5b) and (5c) being satisﬁed, the pressure at node cp will decrease. At the
maximum value of μ subject to equations (5b) to (5d) being satisﬁed, the head at node cp will be hcp. Further
increases in μ will violate the constraint in equation (5d). This relationship is shown in Figure 1. It is therefore
possible to iteratively calculate μmax that solves the optimization problem deﬁned by (5) using a Newton method. If
we deﬁne a function f that solves (2) and (3) for a given μ and returns the diﬀerence between the minimum allowable
head and the head at node cp:
f (μ) = hcp − hcp (8)
The Newton method is therefore deﬁned as
μk+1 = μk − f (μ)
f ′(μ)
(9)
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Fig. 1: Mathematical deﬁnition of reserve capacity
The calculation of f (μ) needs to be undertaken eﬃciently in order to calculate the index in suﬃcient computational
time. A null space algorithm that solves (2) and (3) is therefore used [31]. A null space algorithm increases the
computational eﬃciency in obtaining a solution to (2) and (3) by only carrying out calculations on equations in (2)
that have not yet converged.
The calculation of f ′(μ) can not be calculated analytically, and is therefore numerically calculated as follows:
f ′(μ) =
f (μ) + f (μ + δμ)
δμ
(10)
In this study, δμ is set to 10−6. The Newton iterations in (9) are carried out until a μ converges to a maximum value
umax and there is no change between iterations within a speciﬁed tolerance, which for this study has been set to 10−3.
5. Case Studies
This section applies the reserve capacity to two problems: a critical link analysis and a design problem.
5.1. Critical Link Analysis
The critical link analysis is undertaken on “Net3”, which is a network supplied with the open-source hydraulic
simulator, EPANET 2.0 [32]. A critical link analysis is a commonly undertaken activity by water companies in order
to identify which links are vital for the successful operation of their WDN. It is undertaken by closing each link in
succession and measuring the resilience of the network. In the analysis presented, the reserve capacity is reported for
each link closure as shown in ﬁgure 2. It is assumed that the tanks are disconnected, and the reservoirs are the only
sources of water. The reserve capacity of the network when none of the links have been removed is 1.48. It is seen
in ﬁgure 2 that the removal of some links still results in a reserve capacity of 1.48, which implies that these links do
not add any resilience to the overall operation of the network, and are only needed to ensure customers are on looped
parts of the network which facilitates pipe repair work. The reserve capacity has also identiﬁed critical links of the
network that are crucial for the normal operation of the network. In particular, it is seen that the the supply route from
Inlet 2 is a much stronger supply route than Inlet 1. In fact, if the supply from inlet 1 failed, the reserve capacity of the
link adjacent to inlet 1 is 1.12, i.e. inlet 2 can still provide the network with 100% of the network’s nominal demand
plus a buﬀer of 12% demand. If inlet 2 failed and inlet 1 was the only supply, the reserve capacity of the link next to
inlet 2 to is 0.4, indicating that for the network to perform with suﬃcient pressure (i.e. (5d) is satisﬁed), customers
would have to use 40% of their nominal demand. Finally, at some extremities of the network, the reserve capacity is
zero. This is because a customer positioned at the end of these links is not receiving any water. In these situations, a
breadth-ﬁrst search is used to identify that a customer node has been disconnect from a source. The engineer should
then make a decision about the criticality of the situation. This could be undertaken automatically, for example, by
computing the amount of demand that can’t be met as a result of these links failing.
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Fig. 2: Case Study 1: Critical Link Analysis
5.2. Design of a Dynamic Topology
The problem outlined here involves the design of a water distribution network with a dynamic topology, which is a
recently introduced methodology for the management of water distribution networks for optimal pressure management
and improved resilience to failure [33,34]. One of the most popular approaches for identifying and reducing leakage
is sectorization. This involves permanently closing isolation valves in a water distribution network in order to form
discrete areas, called district metered areas (DMA). By installing ﬂowmeters at the inlets of these areas, leakage can be
assessed at times of low customer demand, i.e. during the night. This facilitates water companies to localize bursts and
better plan asset rehabilitation plans. In addition to ﬂow monitoring, DMAs facilitate the simple implementation of
pressure management schemes. In the UK, DMAs have enabled the industry to reduce leakage in excess of 30% in the
last 25 years [35]. Whilst DMAs are a successful method for identifying and reducing leakage, their implementation
has come at the expense of several drawbacks created by permanently closing isolation valves. These include reduced
resilience to failure, suboptimal pressure management, and water quality problems. A dynamic topology eliminates
these problems by replacing closed boundary valves with dynamic valves that alter the topology of DMAs. Zones are
then aggregated for improved pressure management and resilience to failure. Leakage monitoring can be undertaken
by automatically closing the dynamic boundary valves and reverting the network back to the original DMA structure.
The design problem considered in this paper is identifying which closed boundary valves to replace with dynamic
boundary valves. The aim is to produce a pareto set that compares the amount of investment to the beneﬁts achieved.
This paper focuses on the improvement in resilience that the dynamic boundary valve installations achieves. The
design problem is applied to a real case study network where improvements in network resilience was sought by the
water company. The network consists of two interconnected DMAs, shown in ﬁgure 3. The two DMAs are separated
by three closed isolation valves. Each zone has its own independent water source and a number of critical customers.
The CP is also marked on ﬁgure 3. By connecting these two discrete zones using the automatic control valves, the
nodes in the network will have two independent water sources, and the resilience of the network will be increased. Two
resilience indexes are used to investigate the potential design solutions: the reserve capacity and Todini’s resilience
index. Each design solution involves the addition of a link or many links to the boundary of the DMAs in positions
V1, V2 and/or V3, as shown in ﬁgure 3.
The results are shown in ﬁg 4. The reserve capacity highlights that hydraulically connecting the two DMAs facil-
itates more demand to be met. Installing just a single valve shows that valve V2 achieves the strongest improvement
in resilience by adding 90% to the reserve capacity, followed by V3 adding 60% in reservce capacity. Valve V1 only
adds a 20% increase in reserve capacity. Installing both V2 and V3 results in a reserve capacity increase of 120%.
Adding a valve at V1 in addition to V2 and V3 only adds 3%, highlighting that V1 does not produce a strong improve-
ment in reserve capacity. Both the reserve capacity and Todini’s resilience index produce a design pareto without any
contradictions. The reserve capacity has the advantage that the pareto set produced is more intuitive. The advantage
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of Todini’s index is that it will always detect changes in redundancy, provided that the change in redundancy results
in a diﬀerent ﬂow regime in the network.
The dynamic topology design problem presented here has been simpliﬁed in order to present a comparison of
resilience indexes. The design problem should also include other factors, such as the performance of pressure man-
agement, the requirements of critical customers and constraints on valve installations caused by high traﬃc or other
issues.
Fig. 3: Case study network
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Fig. 4: A comparison of resilience indexes: (a) Pareto set produced using the developed resilience index (b) Pareto set produced using Todini’s
resilience index
The convergence properties of the reserve capacity are also reported in this section by undertaking a critical link
analysis on the network in ﬁgure 3. Although the results of the critical link analysis are not reported in this paper, the
calculation of the reserve capacity for over 2,000 link removals resulted in a mean convergence of 4 iterations, with 5
being the maximum and 3 being the minimum number of iterations required for convergence. Each iteration requires
two solutions of the system of equations described by (2) and (3) using the null space algorithm in order to numerical
calculate f ′(μ) in (10).
6. Conclusion
This paper has proposed the reserve capacity as a measurement of a WDN’s resilience to failure. The reserve
capacity is deﬁned as the maximum demand multiplier that can be applied to a network before minimum service head
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constraints are violated. The reserve capacity provides, in a single and intuitive index, the ability to analyze networks
that are in a state of failure (with or without experiencing critical pressure) as well as insight into design problems
where the resilience improvements of diﬀerent design scenarios need to be quantiﬁed. A method for the calculation
of the reserve capacity has been presented based on a Newton method that is computationally eﬃcient and reliable.
Future work on the reserve capacity could focus on its use in adaptive networks. For example, ﬂow modulating
PRVs will control network pressure to be low in order to reduce leakage under normal conditions, but will react
to certain types of failure such as ﬁre ﬂow and bursts and increase the network pressure. The concept of a reserve
capacity can be applied to these situations in order to accurately assess the resilience of a network that has a low
pressure under normal circumstances but is capable of adapting when failure occurs.
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